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Abstract This paper deals with Bianchi Type-I cosmological models of the universe with
uniform and variable gravitational constant and bulk viscosity in Lyra Geometry. A new
class of exact solutions of field equations has been obtained. Physical behaviors of the mod-
els have also been discussed.
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1 Introduction

The Einstein’s idea of geometrizing gravitational field inspired researchers to geometrize
other fields of the physics. Einstein’s general theory of relativity provides a geometrical
description of gravitation and it is based on Riemannian geometry with metric tensor g;;.
In 1918 Weyl [1] presented a more general theory in order to geometrize gravitation and
electromagnetism both. In Weyl’s geometry, in addition to metric tensor g;;, there is also a
vector field ¢; such that under parallel displacement of a vector not only the direction but
also the length may change and the change of length depends on ¢;. The idea of change of
length of a vector under parallel displacement was criticized by Einstein because it implies
that frequency of spectral lines emitted by atoms would not remain constant but would
depend on their past histories which is in contradiction to the observed uniformity of their
properties.

Lyra [2] suggested a modification of Riemannian geometry by introducing a gauge func-
tion into the structureless manifold which bears close resemblance to Weyl geometry. Sen
[3] presented the static model in Lyra’s geometry with finite density which is similar to
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the static Einstein model, but significant difference was that the model exhibited redshift.
Halford [4] studied a nonstatic cosmological model within the framework of Lyra’s geome-
try. Further he has suggested that the constant vector displacement vector field ¢; in Lyra’s
geometry behaves like a cosmological constant A in Einstein’s general theory of relativity.
Sen and Dunn [5] have introduced a scalar-tensor theory within the framework of Lyra’s
geometry in which both the scalar and tensor fields have intrinsic geometrical significance.
Subsequently Halford [6] had shown that the scalar-tensor theory based on Lyra’s geometry
presented the same effects, within observational limits, as the Einstein’s theory. Bhamra [7],
Karade and Borikar [8], Reddy and Innaiah [9] have studied various cosmological models
in Lyra’s geometry with a constant displacement field. However, this restriction of the dis-
placement field to be constant is merely one of convenience and there is no a priori reason
for it. Soleng [10] studied cosmological model in Lyra geometry and suggested that the
cosmologies based on Lyra geometry will either include a creation field or a cosmological
term. Beesham [11] considered FRW models with time dependent displacement field. He
has shown that by assuming the energy density of the universe to be equal to its critical
value, the models have k = —1 geometry.

It is well known that the exact solution of general theory of relativity for homogeneous
space time belong to either Bianchi type or Kantowaski-Sachs space time. Singh and Singh
[12—15] have presented Bianchi-I, III, V, VI, and Kantowaski Sachs cosmological model
with time dependent displacement field and have made a comparative study of Roberson-
Walker models with constant deceleration parameter in the presence of cosmological term
in Einstein theory with the cosmological theory based on Lyra’s geometry. They have pre-
sented a review of cosmological models in Lyra’s geometry [16]. Singh and Desikan [17]
studied FRW model with time dependent displacement field with constant deceleration pa-
rameter. Rahaman et al. [18, 19] have studied inhomogeneous spherically symmetric higher
dimensional model in presence of a mass less scalar field and cosmological models with
negative constant deceleration parameter in Lyra’s geometry. Bali and Chandnani [20, 21]
discussed Bianchi Type I cosmological model for perfect fluid distribution and Bianchi type-
IIT bulk viscous dust filled cosmological model in Lyra geometry. Singh [22] has discussed
Bianchi type-V anisotropic cosmological model in the presence and absence of a magnetic
field within the framework of Lyra geometry. Rahaman et al. [23] have studied the gravita-
tional field of domain wall in Lyra Geometry. Using Lyra geometry, Pradhan [24, 25] had
presented cosmological models of plane symmetric inhomogeneous perfect fluid distribu-
tion with electromagnetic field and plane symmetric thick domain wall with bulk viscosity.
Very recently Bali and Chandnani [26] have investigated Bianchi type-V barotropic perfect
fluid cosmological model in Lyra geometry.

Dissipative effects, including both the bulk and shear viscosities, are supposed to play
a very important role in the early evolution of the universe. From a physical point of view
the inclusion of dissipative terms in the energy momentum tensor of the cosmological fluid
seems to be the best motivated generalization of the matter term of the gravitational field
equation. A number of authors Gron [27], Maartens [28], Mak and Harko [29], Singh and
Beesham [30] have studied the effect of bulk viscosity on the evolution of the universe in
different context. The Einstein’s field equations with bulk viscosity and variable G and A
for Bianchi type universes are studied by Pradhan and Pandey [31]. Mak and Harko [32]
have considered the dynamics of a causal bulk viscous cosmological fluid with constantly
decelerating Bianchi type-I space time. Wang [33], Yadav et al. [34], Calistete et al. [35]
and others have discussed a variety of bulk viscous isotropic and anisotropic cosmological
models. Very recently Singh and Kumar [36] presented Bianchi Type-I cosmological model
in presence of a dissipative fluid.
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Motivated by aforesaid research works, in this paper we have studied Bianchi type-I
cosmological model with uniform and variable G and bulk viscosity in full causal theory
within the frame work of Lyra geometry.

2 Field Equations

The field equations with normal gauge in Lyra’s geometry, take the form

3
— 8oy’ = —81GT;. M

1 3
Rij — sgijR+ 5 i

B 2</’i</)j

Here, ¢; is a displacement vector field defined as ¢; = (0, 0, 0, 8) where 8 = B(¢) and other
symbols have their usual meaning as in Riemannian geometry.
The energy momentum tensor is given by

Ti; = (p + p)uju; — pgij. 2)

Here p is the energy density, p represents equilibrium pressure and u; is the flow vector
satisfying the relation u‘u; = 1.

3 The Metric and Field Equations

The Bianchi type I metric is given by
ds* =dt* — R} (t)dx* — R3(t)dy* — R3(t)dz*, 3)

where x' = (x, y, 2, 1).
The field equations (1) for the space-time metric (3) yield following equations
RiR, RyRy R3R

e o B R R YE 4
R|R2+R2R3+R3R| mopt ﬂ @

Rl R R R 3,
R = _87Gp— 28, 5
&R TR R nGp=3p )
Ry, Ry RyR; 3,

— _87Gp— - B2, 6
TR TR E nGp—3p ©)
B Ry R R 3,

—87Gp — 2B, 7
®TR TR R T SOP— 4P @

By combining (4)—(7) one can easily obtain continuity equation as

: G 1 (3_. 3 R; 0. (8
;0+(,0+P)< +—+ >+ E+W(§ﬂﬂ+§ﬁ {—+—+f}>— . (8)

The energy-momentum conservation equation (T’]’ =0) suggests

p+3(p+pH=0. (C))
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From (8) and (9), we have

G 3 (P B
05+Rﬂ <E+3H)—0, (10)

where

1(R Ry Rs
H==—+—+—).
3\RI R, R;
The physical quantities expansion scalar 6, shear scalar o2, relative anisotropy and decel-

eration parameter g are important in the cosmology on observational point of view. These
quantities are defined as

6 =3H = v (11
= =7
I[(R R\ (R R\ (R R
P I e B + 4 A , (12)
12 1 R2 R2 R3 R3 Rl
o2
Relative anisotropy = — and (13)
0
S (L (14)
1= \&u ’

where volume of Bianchi type I universe is defined as V = R Ry R;.

4 Cosmological Solutions

It can be easily seen that we have four independent equations (4)—(7) with seven unknowns
Ry, Ry, R3, p, p, G and B. In order to obtain exact solution, we require three more physically
plausible relations amongst the variables.

Using the relation V = R; R, R; one can easily obtain the following solutions of (5)—(7)

Ri=A VI/SGXP/—I dt, 15
1 1 3y (15)
R=A V1/3€Xp/—2 dt, 16
2 2 3V (16)
R;=A V1/3€XP/—3 dt. 17
} 3 k1% {17

Here A;, A, A3 and cj,cp,c3 are constants of integration satisfying the relation
Al.Az.A3 =1and c1+cy+c3 =0.

4.1 Cosmological Models with Uniform Gravitational Constant

As a first step towards finding the solutions of Einstein’s field equations, we consider uni-
form value of gravitational constant i.e.

G = K (constant). (18)
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Under this assumption equation (10) reduces to

B
Z 13H=0, 19
8 19)

which suggests § o< % i.e. the displacement field decreases with expansion of the universe.
Case I: Power Law relation between displacement field and cosmic time

It has already been mentioned in the literature that displacement vector field 8 in Lyra
geometry behaves like cosmological constant in general relativity. A number of phenom-
enological cosmological constant models have been discussed by several authors [37]. The
evolutionary relation for cosmological constant as A o™ is studied by Beesham [38] and
Kalligas et al. [39, 40].

In this case we have assumed similar relations between displacement field 8 and cosmic
time ¢ as

B=Bot™". (20)
By use of assumption (20), (19) yields

V = Vyt". 2D

Further, using the value of V in terms of cosmic time, we can easily obtained the following
expression for scale factors

r tlfn
Ri= AV PBexpl S | 22
1 1Yo eXp_3Vo(1—l’l)_ (22)
r tlfn
Ry= AV P Bexp| 2L | 23
2= RN TSP Ry =) | 3
r tl—n
Ry = A3V PP exp| —>— |, 24
3 3V eXp_3V0(1—n)_ (24)
Now with the help of (20), (22)—(24), (4) and (5) suggests
k k
p= (1—3 + 71) (25)
It l
p=_[t_g+tﬂ, (26)
where
o — n? and ke — 1 c1Cy + ¢crc3 4 ¢ic3 _3_,83
*7 24nkK "7 8nkK 9V2 4 )
] _nn=2) 1 [+ g+tacn 3_;33
°7 24mk ' 8rk 9V2 4 )

The physical quantities of observational interests have following expression in terms of ¢,

0=

n
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, (G +ea+a)

28
36Vt 29
2, 2. 2
relative anisotropy = 36\521[2;:22”:33- ik (29)
0
3
q:4+;. (30)

It can easily seen that energy density, pressure, expansion scalar, shear and relative
anisotropy, are decreasing with evolution of the universe. The deceleration parameter sug-
gests that for all » > 3 the model presents accelerating expansion of the universe. The
anisotropy dies out and the model approaches to isotropic model with evolution of the uni-
verse.

Case II: Power Law relation between displacement field and Hubble parameter
Several authors [41-44] have considered a well established relation between cosmologi-

cal constant and Hubble parameter H as A = AyH?. Motivated by these study we consider
the displacement vector field as

B =PoH>. 31)
Substituting the values of G and g from (18) and (31) into (10), we get

1 2
V=ﬂm+w. (32)

With the help of (32), (15)-(17) reduce to

A] i —4C1 T
R, = “=(at +b)*? — 33
1 S/Z(a +b) GXP_3a(m+b)_ (33)

A2 i —4C2 T
Ry = == (at +b)*? —, 34
2 ﬁ(a +b) 6XP_3a(m+b)_ (34

A3 i —4C3 ]
Ry = == (at + b)** — | 35
3 S/Z(a +b) exp_3a(m+b)_ (35

Further the energy density and pressure are obtained from (4) and (5) as
ky ks
= , 36
P Qm+mfnm+mJ (36)
-1
=—, 37
b= ar+by G7
where
ky = a’? and ks = 12(cicp + cac3 4+ c1c3) — 5(14,
6w K 54r K
L= 12(6% + c% +ci00) + ﬂ§a4
54w K ’
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In this case the physical quantities of observational interests have following expression in
terms of 7,

_ (a%b) (38)

2 = W[c% +c3+ cg], (39)

relative anisotropy = 9[222”_:_61%; f 7k (40)
4= @1)

In this model the value of deceleration parameter is positive which shows decelerating be-
haviour of the cosmological model. It is worthwhile to mention that the WMAP observations
are also consistent with the decelerating model (please refer [45, 46] and reference there in).
The shear vanishes and model approaches to isotropic model with expansion of the universe.

4.1.1 Cosmological models with uniform gravitational constant in the presence of bulk
viscosity

The presence of bulk viscosity leads to inflationary like solutions in general relativity [47].
It has been stated in the literature that the conventional theory of the evolution of the uni-
verse includes a number of dissipative processes such as the decoupling of neutrions during
radiation era, entropy production, string creation, GUT phase transition (refer Maartens [28]
and references there in). Very recently Bianchi type I cosmological models in presence of
variable A with gravitational constant and Bulk viscosity have been discussed in the refer-
ence [48] and [49] respectively. The inclusion of dissipative term in the energy momentum
tensor of the cosmological field is widely accepted as generalization of matter term of the
gravitational field.
The energy momentum tensor in the presence of viscosity takes the form

Tij=(+p+Muu; — (p+1Dg;. (42)
The Einstein’s field equations (1) for the space-time metric (3) yield following equations

Rl R2+k2R3+R3 R, 87Gp + 5 43)
— 4+ =2 =87
RiR, RyR; R3R P

R R R R 3,
=—-87G(p+1I)— =42, 44

R1+R2+R1R2 mGp+1I) =B (44)

R, Ry RoRs 3,

S = 87G(p+ 1) — B, 45

B R T RER mG(p+1I) =B (45)

R Ry R R 3,

—+ 2+ ——=-81G(p+ 1) - >p% 46

R TR TR nG(p+1D —2p (46)

By combining (43)—(46) one can easily obtain the continuity equation as

+(p+ —H'I)(‘ +—+R)+ 9+L< + {&+&+&})—0
p+(p+p ; e BB ﬂ &)=Y
47)
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Now the energy-momentum conservation equation (T’]’ = 0) demands that

p+3(p+p+IHH=0. (48)
From (38) and (39), we have
G 3 (B
-+ — —+3H ) =0. 49
pG+16nGﬂ<ﬁ+ ) (49)
Equation of state
p=vyp, 0=<y=L (50)

For the full causal non equilibrium thermodynamics the causal evolution equation for bulk
viscosity is

Tl =— - - — )\ = - - - ——=.
R] R2 R3 2 R] R2 R3 T %‘ T

Here T > 0 is the absolute temperature, £ is the bulk viscosity coefficient which cannot
become negative otherwise the principle of entropy increase would be violated and the co-
efficient T denotes the relaxation time for transient bulk viscous effects. When ¢ =0, (51)
reduces to evolution equation for truncated theory. For full causal theory ¢ = 1 and the non-
causal theory (Eckart’s theory) has T = 0 [28]. Now we will discuss effect on bulk viscosity
with evolution of universe in non-causal, truncated and full causal theory respectively.

On the basis of Gibb’s integrability condition, Maartens [50] has pointed out that the
equation of state for temperature suggests

T (xexp/ 7dp(p)
p+pp)

which with the help of (50) reduces to
T =TppT, (52)
where T stands for a constant.

Further, in order to have exact solutions of the system of equations one more physical
plausible relation is required. Thus, we consider the well accepted relation

T=—. (53)

Case I: Power Law relation between displacement field and cosmic time.

Considering same form of the displacement vector field 8 = Syt ™" as in previous section,
we get the same value of V as in (21), using the value of V in terms of cosmic time, we can
easily obtained the relations between scale factors and cosmic time ¢, as shown in (22)—(24).

Now, with the help of (22)—(24), (49) and (50), (43), (44) suggest

ko Kk
p= (t—z'i‘ﬁ)a 54)
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Table 1 Forms of bulk viscosity coefficient when g = Byt "

Non causal theory (r =0) £ = [% + _m’;lil ]

_ aor4”’4+a| 12”’2+az

Truncated causal theory (¢ = 0) eI Ypae T
3 4

a516’176+a6I4"74+a7t2"72+a3

Full causal theory (¢ = 1) &= 20T (a9 =3 1 a1012 2 1 ay )
m=—|20 4 2 55
= - l_2 + tTn s (55)
(1+y)n?>—=2n
my=——————— and
247 K
= 1 (i+ag+e)+yca+actcacn) n 31 -y)B;
"7 8nK 9V? 4 '

In this case the relations between bulk viscosity coefficient and cosmic time ¢ are in Table 1.
Here constants a; (i =0, 1, ..., 11) are constants expressed in terms of ¢y, ¢, c3, Bo, 1, K,
Vo and y. The exact forms of constants g; are not mentioned due to lengthy expressions. In
all cases bulk viscosity is decreasing with evolution of the universe.

Case II: Power Law relation between displacement field and Hubble parameter

In this case we assume the form of the displacement vector field 8 = By H? as in case I
of previous section.

Again, considering equation of state (50), we get following solutions for energy density
and bulk viscous stress

_ ko ks
p= <(at 02 | (ar +b)4>’ (56)

(57)

= my + ms
T (at+b)? " (ar+b)* ]
where

2
- (,9.¢

_ [12(c} + 3 + c1c2) + Bia*] + y[12(cicr + cac3 + c1¢3) — Bia*]
- 54m K '

and

my

ms3

The expression for bulk viscosity coefficient in terms of cosmic time ¢ are given in Ta-
ble 2. Here constants b; (i =0,1,...,11) are constants expressed in terms of ¢, ¢, c3,
Bo, n, K, Vy and y. The exact forms of constants b; are also not mentioned due to lengthy
expressions. Further it can be seen that bulk viscosity is decreasing with evolution of the
universe.
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Table 2 Forms of bulk viscosity coefficient when g = o H 2

Non causal theory (t =0) §= [2a(21t2+b) + m(ﬂﬁﬂ]
4 2
Truncated causal theory (¢ = 0) E= bo(at+b)*+by (at+b)“+by

(at+b)3[b3(at+b)2+by]

bs(at+b)0+bg(at+b)*+b7(at+b)>+bg
(at+b)3[bg (at+b)*+b1o(at+b)2+b11]

Full causal theory (¢ = 1) E=

4.2 Cosmological Models with Variable Gravitational Constant
In this section, assuming the widely considered power law relation between gravitational
constant and cosmic time ¢ as

G = Got". (58)

And negative constant deceleration parameter favored by present day observations, we will
study the behavior of other parameters of the model. Let

g=a (a>0). (59)

From (14) and (59), we get
V =V, (60)

Equations (21) and (60) are similar and substituting the value of constant ﬁ =n, we get
solutions (22)—(24).

The value of displacement field, energy density, pressure and bulk viscosity can be ob-
tained using (22)—(24), (43)—(46), (49) and (50) as

u v w

2 _

ﬂ - t_2 + t2—n + £2n—m ’ (61)

ks ks
p= T (62)
my ms me
M= _<tmj + t2n+m + ﬁ)’ (63)
where
. —4mn? e 4(cicr + cac3 +cic3)
T 92n—m—2)’ N 27V2 ’

1 n? mn? 3w
ky = —+ , ks = —,
8tGo\ 3 32n—m —2) 321Gy
1 <(1+y)n2—2n (1 —y)mn? )

my

~ 877G, 3 T 3Qn-m-2)
e — c% + c% 4+ 2c1¢3 4 cac3 + c103
T 727 Go V2 ’
1—y)3w
me = a=ysw and w is constant of integration.

327 G()
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Table 3 Forms of bulk viscosity coefficient when G = Gt™

7 ms me
Non causal theory E= (mm+1 + pysrEET + ST )
(=0

d0f4n72m74+d112n72m72+d2l2n7m72+d3l7m+d4
t2”*1(d52‘2”””’2+d6t’m+d7)

Truncated causal theory & =
(=0

6n—3m—6 4n—3m—4 4n—2m—4 2n—2m—2 2n—m—2 —m
Full causal theory £ = a8t th?f — +ﬂof - +51211f o f;ilzf i3t Ay
A= L (d 5t EM = d gt MM TS dy 7t M2 d gt T +dg)

(e=1

Further, in this case the relations between bulk viscosity coefficient and cosmic time ¢ are
in Table 3. Here constants d; (i =0, 1, ..., 19) are constants expressed in terms of ¢y, ¢;,
c3, Po, 1, K, Vp and y. The exact forms of constants d; are not mentioned due to lengthy
expressions. Further it can be seen from aforesaid table that bulk viscosity is decreasing with
evolution of the universe.

5 Conclusion

In this paper we have studied Bianchi Type-I cosmological model with uniform and variable
gravitational constant in the presence and absence of bulk viscosity. This paper is divided
mainly in two parts. In the first part of the paper we have considered uniform gravitational
constant. Motivated by power law relation between cosmological constant and cosmic time
t, we have also considered a similar relation between displacement vector field 8 and cos-
mic time ¢. The assumption 8 = Byt " provided us a very interesting cosmological model
which shows anisotropic behavior in the early stages of the universe. The cosmological
model approaches to isotropic behavior with evolution of the universe. This is in favour of
observational results. It can be easily seen that for all n > 3 (22)-(24) present accelerated
expanding model of the universe. However in other case 8 o« H? the value of deceleration
parameter is positive (¢ = 1/2). Though present day observations and literature favour ac-
celerating model of the universe, the decelerating model should not be simply ruled out as
our knowledge and instruments to measure various parameter of the universe are not com-
plete and perfect. In the literature there are examples of some results which were in and out
of scientific consideration.

The second part of the paper presents study of cosmological models with variable grav-
itational constant. Unlike the first part, we assumed negative deceleration constant and the
relation G = Gor™ for studying the behavior of cosmological parameters.

The observational upper bound on % < (1.10£1.07) x 10~ yr~! (refer [51] and refer-
ences there in) puts limit on m < (0.11 & 0.107).

In all cases energy density, pressure, bulk viscosity and temperature are decreasing with
evolution of the universe in fare agreement with observations.
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